We argue that high-quality data on the reaction e + e − → π + π − η will allow one to determine the double off-shell form factor η → γ * γ * in a model-independent way with controlled accuracy. This is an important step towards a reliable evaluation of the hadronic light-by-light scattering contribution to the anomalous magnetic moment of the muon. When analyzing the existing data for e + e − → π + π − η in the range of total energies 1 GeV 2 < Q 2 2 < (4.5 GeV) 2 , we demonstrate that the double off-shell form factor F ηγ * γ * (Q 2 1 , Q 2 2 ) is consistent with the commonly employed factorization ansatz at least for Q 2 1 < 1 GeV 2 , if the effect of the a 2 meson is taken into account. However, better data are needed to draw firm conclusions.
Introduction
Transition form factors contain important information about the properties of the decaying particles. Additional interest in meson decays with one or two virtual photons in the final state comes from the fact that the theoretical uncertainty of the Standard Model calculations for the anomalous magnetic moment of the muon will soon be completely dominated by the uncertainty of hadronic light-by-light amplitude (HLbL), where the latter appears as a sub-amplitude. Recently the Bern group reported on important progress towards a model-independent determination of the HLbL contribution based on dispersion theory [1, 2, 3] . In principle this allows for an analysis of similar rigor as commonly applied for the hadronic vacuum polarization (cf. the recent review [4] ). a e-mail: c.xiao@fz-juelich.de b e-mail: c.hanhart@fz-juelich.de c e-mail: kubis@hiskp.uni-bonn.de d e-mail: meissner@hiskp.uni-bonn.de e e-mail: a.wirzba@fz-juelich. de In Ref. [5] the isovector contribution of the single offshell form factor F ηγ * γ (Q 2 ) ≡ F ηγ * γ * (Q 2 , 0) was calculated for virtualities Q 2 ≪ 1 GeV 2 from data on η → ππγ and the pion vector form factor via a dispersion integral. This was done with the help of a convenient parametrization of the corresponding ππ invariant-mass distribution derived in Ref. [6] , see also [7] . In particular, it was demonstrated that when the high-statistics data of Ref. [8] was used to fix the η → ππγ input, this procedure leads to a determination of F ηγ * γ * (Q 2 , 0) with an accuracy higher than that of the most recent direct measurement [9] . Especially this is the case since the isoscalar contribution is negligibly small.
In this article, the program to pin down the η transition form factors with high accuracy will be extended to the double off-shell form factor F ηγ * γ * (Q 2 1 , Q 2 2 ) in the kinematic regime Q 2 1 ≪ 1 GeV 2 and Q 2 2 > 1 GeV 2 . The analysis is based on input from the reaction e + e − → ηπ + π − , see Fig. 1 , which plays a very similar role to data on e + e − → 3π for the π 0 transition form factor [10] . The method provides access to the double off-shell form factor in a kinematic regime where it is yet unknown. In particular it allows for a test whether the factorization ansatz
is still valid in the kinematic regime specified above. 1 It should be stressed that although a direct measurement of the double off-shell form factor via e + e − → ηe + e − is in principle possible, we still expect our method to lead to higher accuracy, simply because the hadronic rates for γ * → ηππ are a factor 1/α 2 QED larger than those for γ * → ηe + e − . In Ref. [11] it was argued that the a 2 (1320), a tensor resonance with I G (J PC ) = 1 − (2 ++ ), should provide the leading left-hand cut contribution to the decay amplitude for Fig. 1 The reaction e + e − → ηπ + π − . The wiggly, dashed, solid, and double lines denote photons, pions, η, and a 2 meson, respectively. The gray blob stands for the ππ final-state interactions.
η → ππγ, and accordingly distort the spectra significantly, however, only beyond the kinematic region accessible in the direct measurement of the decay. Interestingly all necessary parameters can be fixed from data directly. The claim was corroborated by an analysis of the data for η ′ → ππγ. In this work we therefore also include the a 2 contribution. Diagrammatically this amounts to including a 2 t-and u-channel exchange as shown in Fig. 1(b) , in addition to the structureless vertex of Fig. 1(a) .
Unfortunately, the data presently available for the reaction e + e − → ηπ + π − is very limited: only BaBar provides a ππ spectrum of moderate accuracy, with the additional shortcoming that it is not given at a fixed value of Q 2 2 , but for Q 2 2 integrated in a range from 1 GeV 2 to (4.5 GeV) 2 [12] . As we argue below, this integration limits the extraction accuracy of the form factor, since changes in the ππ spectrum cannot only be induced by changes in the Q 2 1 -dependent part of the amplitude, but also by changes in the parametrization of the line shape of the ρ ′ . The latter is the first excited resonance of the ρ meson and dominates the total cross section. Our analysis reveals that as soon as the effect of the lefthand cut provided by the exchange of the a 2 tensor meson is taken into account, the BaBar data are consistent with the factorization ansatz of Eq. (1).
The paper is structured as follows. In the next section we briefly recapitulate the formalism of Ref. [5] for the single off-shell η transition form factor, based on dispersive representations of the η → ππγ amplitude discussed in Refs. [6, 11] . Subsequently the formalism is extended to the double off-shell form factor of interest here. In Sec. 3 we discuss the parametrization used for F ηγγ * (Q 2 2 ) with Q 2 2 > 1 GeV 2 , which is beyond the range of applicability of the dispersive approach employed in this work. In Sec. 4 we present and discuss the results of our analysis without and with the inclusion of the a 2 contribution, as well as the impact on the η transition form factor. We close with a summary and discussion.
Dispersive representations
The decay amplitude for η(
with the Mandelstam variables given as s ππ = (p + + p − ) 2 , t = (p η − p + ) 2 , and u = (p η − p − ) 2 . An expansion of F (s ππ ,t, u) in pion-pion partial waves proceeds in odd waves only, and is totally dominated by the P-wave [11] , denoted as F ηππγ (s ππ ) in the following,
where
In Ref. [6] it was shown that the P-wave can be written as
where P(s ππ ) is a function that does not have a right-hand cut, A η ππγ is a normalization constant, and F V (s ππ ) is the pion vector form factor that can be extracted directly from data (like e + e − → π + π − or τ − → π − π 0 ν τ ) or taken from certain parametrizations (in Refs. [6, 5] the parametrizations of Refs. [13, 14] were used, respectively). Thus, the differential cross section for η → ππγ can be written as
where the function Γ 0 (s ππ ) collects the phase-space terms and kinematical factors of the modulus square of the invariant matrix element for the point-particle case [6] . In Refs. [6, 8] it was shown that the function P(s ππ ) is sufficiently well approximated as
to describe the high-accuracy η → ππγ decay data obtained by the KLOE collaboration [8] , which determines α to be
The uncertainty contains both systematic as well as statistical errors. The same ansatz also works when in Eq. (6) the form factor F V is replaced by the Omnès function
where δ 1 (s ππ ) denotes the pion-pion P-wave phase shift, since F V (s ππ ) and Ω (s ππ ) only differ by an another linear polynomial [5] ,
where R(s ππ ) = 1 + (0.12 ± 0.01) GeV −2 s ππ . Due to this the slope parameter of the function P Ω (s ππ ) in the Omnès function case increases to [11] α Ω = (1.52 ± 0.06) GeV
with here only the statistical uncertainty included. Since the a 2 contribution of Ref. [11] is calculated employing the Omnès function and not the vector form factor, we will also use the former in this work in order to allow for a more straightforward comparison of the results. It was demonstrated in Ref. [11] that beyond the s ππ range accessible directly in the decay η → ππγ, the lefthand cut contribution of the a 2 (1320) distorts the linear behavior of P(s ππ ) significantly. In order to include the lefthand cut contribution induced by the a 2 , we need to generalize the dispersive representation of F ηππγ (s ππ ) according to [11] 
with
where F a 2 (s ππ ,t, u) comprises the a 2 t-and u-channel exchange amplitudes, see Ref. [11] for details. The subtraction constant α Ω [a 2 ] that takes over the role of the slope parameter α Ω is shifted only marginally: extracted from a fit to η → ππγ (where s ππ < 0.25 GeV 2 ), it reads [11] α
Let
The function P Ω [a 2 ](s ππ ) is a straightforward generalization of P Ω (s ππ ), which is still free of right-hand cuts, but now contains the left-hand cut due to a 2 exchange. The constant A η ππγ [a 2 ] is chosen such that F ηππγ is normalized to the experimental rate for η → ππγ. P Ω (s ππ ) can be approximated by
It turns out that with α a 2 = 0.28 GeV −2 and β a 2 = −0.66 GeV −4 , the approximation works to better than 1% accuracy. Note that the overall strength of the a 2 contribution is phenomenologically known from a 2 branching fractions to better than 10% accuracy [11] . Given the size of the errors in the data analyzed in the present study, we will neglect this source of uncertainty in what follows. The η → γ * γ transition form factor F ηγ * γ (Q 2 ) = F ηγ * γ * (Q 2 , 0), related to the full transition amplitude via
can be decomposed into its isoscalar (I = 0) and isovector (I = 1) parts according to
with the isovector part given as
Here r and m are the spatial indices of the polarization vectors of the two outgoing photons, ε abc is the antisymmetric tensor in three dimensions, and p a γ is the three-momentum of the on-shell photon. The expression above is slightly modified compared to the one given in Ref. [5] to allow for the inclusion of the a 2 -meson effects. The original form may be recovered by the replacement
The isoscalar contribution is defined to vanish in the on-shell limit as well, i.e. ∆ F (I=0) ηγ * γ (0) = 0. As shown in Ref. [5] , it is negligibly small for the η transition form factor. The prefactor is specified by the η → γγ partial decay width Γ η γγ [15] . The same method that allowed us to connect η → ππγ to the isovector component of η → γ * γ permits to connect γ * → ηππ to the isovector component γ * → ηγ * and thus to the double off-shell η transition form factor. To reach this goal we first need to generalize Eq. (12) . In the spirit of the factorization formula (1) we now make the following ansatz for the pertinent form factor:
While this ansatz is still general as long as the function F ηππγ * is not specified, it is very convenient for us in what follows: any deviation of F ηππγ * from a constant is a direct measure for a violation of the standard product ansatz in the 
If the factorization ansatz of Eq. (1) (15) and (16) . In particular we use
with the values for α a 2 and β a 2 as given below Eq. (16) . We therefore find the following expression for the double offshell form factor
where the small isoscalar contribution was dropped to simplify the expression. Using the notation introduced above we may write the isovector piece as
Note that F ηγγ * (Q 2 2 ) cannot be treated within the formalism of Ref. [5] , since with Q 2 2 > 1 GeV 2 it is to be evaluated in a kinematic regime where the original method, relying on elastic unitarity, is no longer applicable. However, as will be shown in Sec. 3, for the analysis aimed at here we only need a convenient parametrization of F ηγγ * (Q 2 2 ). In order to fix α * Ω [a 2 ](Q 2 2 ) and F ηγγ * (Q 2 2 ), which provide the input for the calculation of F ηγ * γ * (Q 2 1 , Q 2 2 ), data on e + e − → ηππ needs to be analyzed. To prepare for this we write the e + e − → ηππ cross section as
where p * η , the η momentum in the overall center-of-mass system, reads
Since we only care about the shape of the cross section, the overall normalization constants N or N ′ = N × A ] also influences the shape of the total cross section for e + e − → ηππ, a combined fit to the ππ spectrum and the total cross section is mandatory, which calls for a parametrization of the data in kinematic regimes that cannot be captured by the dispersion integrals employed in this work. We describe this parametrization in the following section.
Form factor parametrization above 1 GeV
For the fit to the total cross section we need to parametrize the function F ηγγ * (Q 2 2 ) for Q 2 2 > 1 GeV 2 . As one can see from the right panel of Fig. 2 , the total cross section for e + e − → ηππ shows a very prominent contribution from an excited ρ resonance, the ρ ′ or ρ(1450). Moreover, a detailed look at the low-energy side reveals that a data fit is improved significantly by the inclusion of a contribution from the tail of the ρ(770) resonance. It should be stressed that what is crucial for the analysis is not that we have the correct physics optimally built into the parametrization of the function F ηγγ * (Q 2 2 ), but all we need is a convenient representation that describes the data for the quantity of interest for this analysis: the Q 2 2 -integrated ππ spectrum. Since F ηγγ * (Q 2 2 ) enters here as a weight factor-cf. Eqs. (23) and (25)-it is sufficient to parametrize F ηγγ * (Q 2 2 ) by a sum of Breit-Wigner functions. Clearly in doing so we should not expect the resonance parameters to agree with those of the Particle Data Group, since Breit-Wigner parameters are reaction dependent.
We have tested three different parametrizations. First we include only a single excited vector meson, ρ ′ , in the function F ηγγ * (Q 2 2 ), where the mass and the width of the ρ ′ are taken as free. Thus, we have three parameters (the third one is the overall normalization constant N ′ ). Second, the contribution of the tail of the ρ(770) resonance is added to the single ρ ′ Breit-Wigner resonance, such that there are two more parameters, modulus and phase of the coupling of the second Breit-Wigner function. The third scenario is adding one more excited ρ-resonance contribution to the second strategy. In this way, there are four further unknowns, namely mass and width of the ρ ′′ resonance, as well as modulus and phase of the additional coupling constant. Note that most experimental or phenomenological analyses of the reaction e + e − → ηππ employ two or three vector resonances [16, 17, 18] .
It turns out that the second strategy provides a significantly better fit than the first, which in fact is consistent with the comments in Ref. [12] that-in addition to the ρ ′ -also the contribution of the ρ(770) resonance is important. The quality of the data does not allow us to fix the parameters of the ρ ′′ resonance added for the third fit. In addition, the values extracted forᾱ * Ω using the different strategies turn out to be consistent with each other. Below we therefore only quote the values from the second strategy.
In addition to the necessity to model the form factor F ηγγ * (Q 2 2 ) for Q 2 2 > 1 GeV 2 , we also need to parametrize the part of the ππ spectrum for which s ππ > 1 GeV 2 , since the ansatz of Ref. [5] should not be applied in this kinematic regime that, however, is probed in the evaluation of the total cross section. We therefore fit a polynomial linear in s ππ to the ππ spectrum for s ππ > m 2 cut , with the constant term adjusted to obtain a continuous curve. Since the effect of higher ρ resonances on the ππ spectrum is expected to set in only beyond s ππ = 1 GeV 2 [5] , we regard m cut = 1 GeV as a canonical value. To get an idea of the sensitivity of the analysis on m cut , we also vary its value around 1 GeV.
Data analysis and results

Analysis of e + e − → ππη
The fit results are summarized in Table 1 . The resulting spectra for the canonical value m cut = 1 GeV are shown in Fig. 2 . In particular for m cut = 1 GeV we obtain
where the error is the statistical fit error only; the systematic uncertainty will be discussed below. Equation (27) nicely agrees with the corresponding value of α Ω [a 2 ], cf. Eq. (14) . Therefore, Eqs. (19) and (24) give the same Q 2 = Q 2 1 dependence for the single and the double off-shell form factor, respectively. This indicates that even for Q 2 2 > 1 GeV 2 the form factor can be factorized in the sense of Eq. (1).
It should be stressed that with the present data situation, a sensible analysis of the uncertainty of the value of α * Ω [a 2 ] is very difficult, if not impossible. However, as soon as data will be available for the two-pion spectrum of the reaction e + e − → ηππ at different values of Q 2 2 (and in particular without an integration over the total energy), neither a parametrization of F ηγγ * nor an extrapolation of the ππ spectrum to higher values of s ππ -the two largest sources of uncertainties for the present analysis-are necessary anymore. We therefore do not present any detailed discussion of uncertainties here.
It is interesting to observe that as soon as the a 2 contribution is omitted (by setting α a 2 and β a 2 equal to zero in Eq. (22)), the value ofᾱ * Ω obtained from the fit is 0.4 ± 0.2 GeV −2 (again for m cut = 1 GeV), and therefore Now we have all parameters fixed to study the single as well as the double off-shell form factor of the η. Figure 3 shows the result for the η → γ * γ transition form factor based on Eq. (18), compared to the most recent experimental data [19, 9] . The black dashed line is calculated without the inclusion of the a 2 meson with a cutoff of 1 GeV 2 applied to the integral of Eq. (19) . A detailed discussion of how to estimate the uncertainty of this curve is presented in Ref. [5] and will not be repeated here. This line is very close to the central result of Ref. [5] -the only difference in the evaluation is that here all calculations are based on the Omnès function, while the pion vector form factor was used previously. The effect of the inclusion of the a 2 meson, which provides the most prominent contribution to the left-hand cut, is to shift the result for the form factor from the black dashed line to the red solid line, which is located well within the 2σ region of the original calculation [5] .
The influence of the a 2 contribution can also be seen in the value of the slope parameter defined via
While without inclusion of the a 2 we obtain [5] b η = 2.1
2 In full analogy it was found in Ref. [11] that the inclusion of the a 2 contribution in a fit to η ′ → ππγ increases the corresponding slope from (0.6 ± 0.2) GeV Fig. 3 Result for the η → γ * γ transition form factor with and without inclusion of the left-hand cut introduced by the a 2 meson. The very small isoscalar contribution has been omitted. Data are from Ref. [19] (black dots; deduced from η → µ + µ − γ) and Ref. [9] (green squares; deduced from η → e + e − γ). The solid red (dashed black) line shows the central result from the dispersion integral with (without) inclusion of the a 2 -meson effects. The inlay shows a zoom into the region of small virtualities.
the inclusion of its effects yields [11] b η [a 2 ] = 1.9
In both cases, the very small isoscalar contribution has again been neglected. As discussed above, the two-pion spectrum for e + e − → ηππ (integrated in the range from 1 to (4.5 GeV) 2 ) agrees with the one observed in η → ππγ. It was the latter distribution that provided the crucial input for the evaluation of the single off-shell transition form factor F ηγ * γ (Q 2 ) = F ηγ * γ * (Q 2 , 0) via Eq. (19) . We are thus to conclude that the experimental information available at present is consistent with the claim that the full off-shell form factor can indeed be expressed as
even for values of Q 2 2 between 1 and (4.5 GeV) 2 . In particular, for any fixed value of Q 2 2 in this range the shape of F ηγ * γ * (Q 2 1 , Q 2 2 ) will agree with the red solid line shown in Fig. 3 within uncertainties.
Summary and discussion
Our analysis shows that the value for the (averaged) slope parameterᾱ * Ω extracted from a fit to e + e − → ηππ is consistent with the analogous parameter found in η → ππγ, as soon as the leading left-hand cut contribution mediated by the tensor meson a 2 (1320) is included in the dispersion integral. This confirms the conjecture of Ref. [11] that the a 2 should also influence the η transition amplitudes, in full analogy to what was found in the same reference for η ′ → ππγ.
A value of α Ω consistent between these two reactionsalthough the photon virtualities are quite different-is an indication that the factorization ansatz of Eq. (1) for the double off-shell form factor is valid in the kinematic regime studied, since the s ππ distribution found in e + e − → ηππ directly feeds into a dispersion integral that fixes F ηγ * γ * (Q 2 1 , Q 2 2 ) for Q 2 1 ≪ 1 GeV 2 .
